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Abst rac t - -The  ladder operators for the generalized Laguerre functions are constructed by a 
faetorization method. It is shown that these ladder operators satisfy the commutation relations 
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from these ladder operators. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The factorization method  plays an impor tant  role in physics [I-3]. The  advantage  of this method  
is that we  can construct the ladder operators for some given wave  functions and  then constitute 
a suitable dynamica l  group. Recently, we  have carried out the ladder operators for the Morse  
potential, the modi f ied PSsehl-Teller potential, and  the pseudoharmon ic  potential [4-7]. It is 
found  that those of the former  two  molecular  potentials satisfy an  SU(2)  algebra, but  those of 
the latter satisfy an SU(1,1)  one. It is stressed that our approach  is different f rom the traditional 
one, where  an  auxiliary nonphys ica l  variable was  introduced [8]. Simultaneously,  the matr ix  
e lements  of some related operators, wh ich  are of significance in physics, can  be analytically 
calculated f rom the ladder operators. Recently, such a factorization method  has been  generalized 
to some special functions [9]. The  coherent states for generalized Laguer re  functions has been  
worked  out by  Jellal, where  the coherent states such as the K lauder -Pere lomov coherent states, 
the Oazean-K lauder  coherent states, and  Barut-Girardel lo  coherent states have been  studied by  
SU( I , I )  a lgebra [i0]. Fo l lowing our previous works  [4-7], the purpose  of this paper  is to s tudy  
the dynamica l  g roup  for the generalized Laguer re  functions wi th  our approach,  wh ich  are of great 
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importance to the solutions of the SchrSdinger equation with the central symmetric potentials, 
whose dynamical group can be carried out in the similar way as done in this work. 
This paper is organized as follows. In Section 2, we study the properties of the generalized 
Laguerre functions. In Section 3, we construct the ladder operators by the factorization method 
and then constitute a suitable dynamical group. The matrix elements of some related operators x 
and 2x d are calculated from the ladder operators, The concluding remarks are given in Section 4. 
2. THE GENERAL IZED LAGUERRE FUNCTIONS 
We begin with the definition of the generalized Laguerre functions [10] 
I~} --- ¢~(x) = N~e-X/2x~/~L~m~ ~, ,, (1) 
with 
N~ = (~ +/3)!, (2) 
where/3 is integer. 
The generalized Laguerre functions obey the orthonormal condition 
f0 ~ ~(x)~,  dx 5~,. (3) (x) 
Since the associated Laguerre functions L~n(x) satisfies the following differential equation (see [11, 
p. 1064]) 
x-d-fix2L~(x ) + (/3 + 1 - x) L~(x) + nL~(x) = O, (4) 
we obtain the differential equation for the generalized Laguerre functions as 
• ~(x)  + ~%(x)  + ~ 2 + 2/3 - • ~(~)  + ~(~)  = 0. (5) 
Furthermore, there are some recursion relations for the associated Laguerre functions (see [11, 
p. 1062]), which will be used to construct the ladder operators below 
(n + 1)L~+l(x ) + (n +/3)L~_l(x ) + (x - 2n -/3 - 1)L~(x) = 0, 
x~ L~(~) : ~L~(~) - (n +/3)L~_~(x), (6) 
X~xL~(x ) = (n + 1)L~+](x ) - (n +/3 -}- 1 - x)Lfln(x). 
Calculating the derivative of the generalized Laguerre functions ~(x) ,  we have 
d~(x)  = 1 N~e_~/2x;V2dL~(x ~ -~(~)  + --Z ~(x)2~ + ~ d~ ~' " (7) 
which, together with equation (6), allows us to obtain the reeursion relations for the generalized 
Laguerre functions 
x/(n+l)(n+/3+l)ln+l>+v/n(n+/3)ln-l> = (2n +/3 + 1 - x)l,~>, (8) 
d 1 /3+2n] ~n(x)= n+/3 Nn ~ ~n~ l(x) ' (9) 
dx 2 -~ "--~'-x J ; N~n_l 
[d~xx_2 -t"1 /34- ~x2n 4- 2]j k~(x)n  4- 1 . _ .~_  ~+1 (x). (10) 
X /Vn+ 1 
In the next section, we will realize the dynamical group for the generalized Laguerre functions, 
which is the main purpose of this paper. 
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3. THE REAL IZAT ION OF THE DYNAMICAL  GROUP 
We now address how to construct he ladder operators for the generalized Laguerre functions 
by the factorization method and then constitute their dynamical group. We intend to find the 
differential operators £± with the property 
~:ln> = ~±1,~ ~: 1). (11) 
For convenience, we first define the "number" operator 
~ln) = nln ). (12) 
The creation and annihilation operators £± can be obtained from equations (9) and (10) 
d x ~+ =~-g+-~+a+l ,  
(la) d 1 /3 L =-x~-~+~+a,  
which satisfy 
£+ln> = g+l n + 1>, ~'+ : x/(n + 1)(~ + n + 1), 
£_ ln>: t_ ln -1  >, ~_ =v/ -~+n) .  
Obviously, the operator £_ annihilates the ground state 
,/-~1 Z/2e_~/2 
The commutator [£_, £+] can be calculated in the bases In) 
[f~-,£+] In>----(2n+f~+ 1) In >. 
We can thus define the operator C0 
(14) 
(15) 
(16) 
(17) 
At least, in the spaces panned by the generalized Laguerre functions In), the operators £± and £0 
satisfy the commutation relations of the SU(1,1) algebra, which is isomorphic to an SO(2,1) 
algebra 
As is well known [12], there are four series of irreducible unitary representations for the SU(1, 1) 
algebra except for the identity representation. They are the representation D+( j )  with a spectrum 
bounded below, the representation D- ( j )  with a spectrum bounded above, the supplementary 
series Ds(Q,  qo) and the principle series Dp(Q,  qo). Since there is the ground state J0) in the 
generalized Laguerre functions in}, the representation f the dynamical group SU(1,1) belongs to 
D+( j )  [12] 
I01j,,n> = mlj,'n>, 
I_ l j ,  m ) = [(rn + j ) (m - j - 1)] 1/2 ]j, m - 1>, (21) 
I+[j, rn - 1) = [(rn + j ) (rn - j - 1)] 1/2 [j, m), 
Co ---- ~ +/3 +___~1, (18) 
2 
C0[n> = goJn>, to = n + ~ +_....~1 (19) 
2 
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m=- j+k ,  k=0,1 ,2 , . . . ,  j<0 .  
In comparison with equations (14), (15), and (19), we have j = -(f l  + 1)/2, m = n + (fl + 1)/2, 
and In> = IJ, m>. 
The Casimir operator can be written as 
f12 _ i 
Finally, we define the Hamiltonian as 
~ln) = ~+£_ln> = n(n + ¢~)ln>, 
The generalized Laguerre functions can be expressed as 
with 
N:  = n!(n + Z)!" 
The following expressions can be easily obtained from the operators £~= and £0 
= 2& - - 
2x4 = £+-  £_ - 1, ax 
from which we have 
(23) 
(24) 
(25) 
(26) 
(27) 
(mlx[n > = (2n + fl + 1)6m~ - ~/(n + 1)(n +/~ + 1)Sm(n+l) - ~5~(~_1)  (28) 
and 
Im 2x d n} = x/(n+ l ) (n+~+ l)Sr~(n+l)- n~-~+fl)5m(~_l)-5,~n. (29) 
Before ending this section, it is worthwhile to emphasize that equation (8) can be reexpressed 
as 
xln) = (2/~0- £+ - £-) In}.  (30) 
4. CONCLUDING REMARKS 
In this paper, we have established the creation and annihilation operators/~+ forthe generalized 
Laguerre functions by the factorization method. It is shown that these operators l~± and £0 
satisfy the commutation relations of an SU(1,1) algebra. The matrix elements of some operators x 
and 2x d are analytically calculated from these operators. This method can be generalized 
to other wave functions and presents a simple and elegant approach to calculate some matrix 
elements. 
REFERENCES 
1. L. Infeld and T.E. Hull, Factorization method, Rev. Mod. Phys. 23, 21-68, (1951). 
2. G. Haldinger, N. Bessis and G. Bessis, Closed form expressions of matrix elements and eigenfunctions from 
ladder operator considerations, J. Math. Phys. 15, 716, (1974). 
3. W. Miller, Lie Theory Special Functions, Academic, New York, (1968). 
4. S.-H. Dong, R. Lemus and A. Frank, The ladder operators for the Morse potential, Int. J. Quan. Chem. 86, 
433-439, (2002). 
5. S.-H. Dong and R. Lemus, The ladder operators for the modified P5schl-Teller potential, Int. J. Quan. Chem. 
86, 265-272, (2002). 
Realization of the Dynamical Group 1039 
6. S.-H. Dong and Z.-Q. Ma, The hidden symmetry for a quantum system with an infinitely deep square-well 
potential, Am. J. Phys. 70, 520-521, (2002). 
7. S.-H. Dong and Z.-Q. Ma, Algebraic approach to the pseudoharmonic potential in 2D, Int. J. Mod. Phys. E., 
(2002). 
8. M. Berrondo and A. Palma, The algebraic approach to the Morse oscillator, Y. Phys. A 13, 773-780, (1980). 
9. M. Lorente, Raising and lowering operators, factorization and differential/difference op rators of hypergeo- 
metric type, J. Phys. A 34, 569-588, (2001). 
10. A. Jellal, Coherent states for generalized Laguerre functions, hep-th/0109028, Mod. Phys. Left. A 17, 671- 
682, (2002). 
11. I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series, and Products, Fifth Edition, Academic Press, 
New York, (1994). 
12. B.G. Adams, J. Cizek and J. Paldus, Advances in Quantum Chemistry, Volume 19, (Edited by P.-O. LSwdin), 
Academic Press, New York, (1987). 
